We show that there are not pure C 5 two dimensional pure Landsberg spaces. 
Introduction
For long time there is the problem of the existence or not of "unicorns", pure Landsberg spaces with enough differentiability conditions on the metric F . Although there has been attempts to proof the non-existence of such objects or the existence when differentiability conditions are relaxed or constrains on the existence, it seems that the problem is still not solved (for a review see ref.
( [7] ) and references there).
Since the general problem can be quite difficult, we restrict ourselves in this note to the two dimensional case. We present the following theorem, Theorem 1.1 A C 5 Finsler structure (M, F ) that is that is Landsberg in dimension 2 is Berwald.
Our proof is based on [2] and [3] and the theory of holonomies for affine torsion-free connections. The main tool used is the averaged connection, which is simpler than any "Finslerian" connection. In particular to study the holonomy of the averaged connection is easier than for the holonomy of the initial connection, because the averaged connection is affine and torsion-free and are already classified in [4] . Then, in [2] and [3] we obtain a constrain on being F a Berwald structure. The constrain reduces again the possible holonomy groups. We analyze the remaining groups in dimension two and conclude that it is not possible to have Landsberg spaces that are not Berwald or Minkowski in dimension 2. In higher dimensions, our argument will not be conclusive, but seems a constraining argument to the eventual existence of pure Landsberg spaces. 
Strong convexity holds: the Hessian matrix
g ij (x, y) := 1 2 ∂ 2 F 2 (x,g(x, y) := 1 2 ∂ 2 F 2 (x, y) ∂y i ∂y j dx i ⊗ dx j . (2.2)
Cartan tensor:
A(x, y) := F 2
A possible non-linear connection is introduced by defining the non-linear connection coefficients by
The coefficients γ µ νρ are defined in local coordinates by
A µ νρ = g µl A lνρ and g µl g lν = δ µ ν . Using these non-linear connection coefficients one obtains a splitting of TN, defining a non-linear connection, where the vertical and horizontal subspaces V u and H u are such that
Let us consider the local coordinate system (x, y, U) of the manifold TM. A tangent basis for T u N, u ∈ N is defined by the vectors( [1] ):
The local basis of the dual vector space T * u N, u ∈ N is 
Almost g-compatibility condition,
In local coordinates the curvature endomorphisms are decomposed in the following way: There are several characterizations of Berwald spaces (for instance see chapter 11 of ref. [1] ). Between these characterizations, we find quite useful that the Finsler structure (M, F ) is a Berwald structure iff the mixed curvature is zero, P i jkl = 0.
Definition 2.5 A Landsberg structure is a Finsler structure such thaṫ
.
A short calculation proofs the following consequence,
where we have choose a basis for the sections of π * TM where e n = y j F 9x,y) π * ∂ ∂x j .
Preliminary results
The averaged connection was introduced in ref. [3] , where the proof of the following statements can be found. Let us consider π * v ΓM the fiber over v ∈ N and the tensor space over x, the fiber Γ x M. For each S x ∈ Γ x M and v ∈ π −1 (z), z ∈ U we consider the isomorphisms
The horizontal lift of vector fields is denoted by
and the horizontal lift defined by the non-linear connection coefficients N i j ,
such that if ρ : TN → N is the canonical projection, π · ρ(ι(X)) = X for X = 0. 
3)
For every smooth function f ∈ F(M) the covariant derivative is given by the following average:
The geodesics of ∇ are the solutions of the differential equations
where Γ i jk are the connection coefficients of ∇. This system of second order differential equations is equivalent to the following coordinate free condition,
being X the tangent vector to the solution in the given point. In order to check eq. (3.6) one uses local coordinates.
The following result was obtained in ref. [2] , 4 Proof of the Theorem 1.1
We showed in ref. [2] that if the metric is Berwald there is a compact foliation I x (t) ⊂ T x M of codimension zero that is invariant under the action of the horizontal holonomy group of the Chern connection (a similar result was obtained previously in [3, section 6] ). Therefore, if it is not possible to have any such foliation, the space is not Berwald. We will use that to show that for dimension 2 there is not such possibility.
The average procedure induces a group homomorphism between the holonomy group of the Chern connection and the holonomy group of the averaged connection,
This is indeed a surjective map because due to Ambrose-Singer ( [5] ), the algebra of the holonomy is generated by the curvature endomorphisms {< R i j >, < P i j > } and we know from [3] that curvature endomorphisms of the averaged connection are the average of the curvature endomorphisms of the original linear connection.
The holonomy group Hol(< ∇ ch > ) is the holonomy group of a torsion free affine connection ( [3] ). Therefore, due to the classification of Merkulov-Schwachhoefer, it must be one of the non-metric possibilities of the list of [4] . For dimension 2 (in this case we don't need to consider irreducibility), they are GL(2, R) and SL(2, R). For C 4 structures, the notion of Landsberg space is given by a tensor conditionȦ ijk = 0. This tensor condition is invariant by the holonomy GL(2, R) iff the tensor P 2 ijk , which is the only tensor invariant under the general group. The proof of this is the following. A ijk is the component P 2 ijk in a particular fiber basis. Then, we have that
The relationȦ ijk = 0 is a tensorial relation which must be invariant under the action of GL(2, R). This is because for the pull-back connection π * < ∇ ch >, defined such that the covariant derivative of the pull-back along vertical directions as zero, implies that π * < ∇ ch >Ȧ = π * < ∇ ch > 0 = 0 and this implies that the tensor is invariant under holonomy π * < ∇ ch > because the isomorphism
Therefore, the left hand side must also be invariant under the action of GL(2, R). That means, that under the action of the group GL(2, R) P 2 ijk = 0 →P 2 hkd = 0 in another coordinate basis. Therefore, the whole P d ijk tensor must be zero:
Since the group GL(2, R) contain elements such tat M 2 1 are different than zero, one get the desired result.
For the special case SL(2,R), the invariant allowed is a volume form (that one can construct through the averaged metric, for instance). Then again P = 0 because we don't have any additional freedom different to choose any other geometric property than a volume form (it is not a metric volume) if the holonomy is SL(2,R). Therefore, it is not possible to have P 2 ijk = 0 except if P d ijk = 0. The argument is the same than before. We note that the required C 5 regularity condition is required to define all the objects (including the Ambrose-Singer's theorem) that we use. If the Landsberg structure (M, F ) is of less degree of smoothness, we can not use Ambrose-Singer theorem.
2 We hope that the method can be extended to higher dimensions, although we can not anticipated the resolution in the general case. In fact, the constrain is not enough to solve the problem in higher dimensions and additional methods is required.
